Abstract. We introduce the super Patalan numbers, a generalization of the super Catalan numbers in the sense of Gessel, and prove a number of properties analagous to those of the super Catalan numbers. The super Patalan numbers generalize the super Catalan numbers similarly to how the Patalan numbers generalize the Catalan numbers.
Introduction
We introduce the super Patalan numbers as a gneralization of the super Catalan numbers. The super Catalan numbers [6, A068555] were studied by Gessel in his paper on the super ballot numbers [2] . (The term super Catalan numbers is also used to refer to a different sequence, we are generalizing the term as used by Gessel.) Just as the super Catalan numbers form a two dimensional array that extends the Catalan numbers, the super Patalan numbers of order p form a two dimensional array that extends the Patalan numbers of order p.
We start with the definitions of the super Catalan numbers and of the Patalan numbers. Definition 1.1. Define the super Catalan numbers S(m, n) by
The Catalan numbers C n are contained in the super Catalan numbers as 2C n = S(n, 1) = 2(2n)! n!(n + 1)! . Definition 1.2. Let p be a positive integer with p > 1, and let q be a positive integer with q < p. Define the Patalan numbers of order p to be the sequence a(n) with a(0) = 1, and
Also define the (p, q)-Patalan numbers to be the sequence b(n) with b(0) = q, and
The Patalan numbers of order p [6, A025748, A025749, . . . , A025757] generalize the Catalan numbers. In particular the Catalan numbers are the Patalan numbers of order 2. Also, the Patalan numbers of order p have generating function 1 − 1 − p 2 x px , which generalizes the generating function of the Catalan numbers.
Now we define the super Patalan numbers as an extension of the Patalan numbers, and generalizing the super Catalan numbers. 
and 
It is the author's opinion that to be consistent with equation (6) 
We give some details showing that R satisfies (5):
Equation (7) generalizes an identity of Gessel [2, unlabelled equation before equation (31)]. This indicates that P (m, n) is the coefficient of x m+n in the generating function of (−1) m (1 − p 2 x) m−q/p . More generally, the above definitions may be extended to define super Patalan numbers for all m and n. Definition 2.1. Let m, n be integers. Define the extended (p, q)-super Patalan numbers E(m, n) to be the coefficient of x m+n in the generating function of (−1)
While E is defined in terms of the generating functions of its rows, the twisted symmetry of the super Patalan matrix implies that E(m, n) is also the coefficient of
The lower triangular matrix L formed by permuting the columns of E has the interesting property that it has order 2 under matrix multiplication. Theorem 2.2. Let L be the lower triangular matrix given by L(m, n) = E(m, −n), where E is an extended super Patalan matrix. Then L 2 is the identity.
Proof. Consider the (m, n) entry of L 2 for n < m. The product of row m of L and column n of L is the convolution of row m of E and column −n of E. The generating function of row m of E is (−1)
Next we consider the two variable generating function of P .
Theorem 2.3. Let F (x, y) = P (i, j)x i y j be the generating function of the super Patalan numbers P (i, j). Then
Proof. By Theorem 2.1, the generating function of the first row of the super Patalan matrix of order p is g(y) = (1 − p 2 y) −1/p and the generating function of the first column of the super Patalan matrix of order p is f (x) = (1 − p 2 x) −(p−1)/p . We will take advantage of the recurrence
Equation (13) implies the equation
Solving equation (14) 
The author previously used the factorization of equation (19) to prove that the inverse of the reciprocal Pascal matrix is an integer matrix [5] .
Next we prove that the inverse of the Hadamard inverse of the super Patalan matrix is an integer matrix.
Theorem 4.1. Let Q be the (p, q) super Patalan matrix, and let H be the n × n matrix given by H(i, j) = 1 Q(i, j)
for 0 ≤ i, j < n. Then the inverse of H is an integer matrix.
Proof. By Lemma 4.1,
where B is the Pascal matrix with B(i, j) = i + j i . Then
Since B −1 , G p,q , and G p,p−q are all integer matrices, it follows that H −1 also is an integer matrix.
Conclusion

